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Abstract : In this work, the path Integral Monte
Carlo(PIMC) is employed to estimate the
ground-state properties of the lithium atom.
The three-electron system is formulated in
atomic units and represented by discretized
imaginary-time paths. The (1s* 2s') electronic
configuration is used to construct the
antisymmetric trial state, while a Jastrow
correlation function is employed to incorporate
electron—electron  correlations. The total
ground-state energy and its kinetic and
potential components are calculated together
with selected structural and correlation
properties.  Systematic ~ convergence  is
investigated — with  respect to  inverse
temperature, the number of Trotter slices, and
Monte Carlo sampling, while statistical
uncertainties are evaluated by considering
autocorrelation and block averaging. The
calculated results are subsequently compared
with high-precision theoretical benchmarks
and with established electronic-structure and
quantum Monte Carlo methods. The study has
established a theoretical and computational
PIMC framework for accurate and reliable
determination of the ground properties of
lithium atom which can be extended to other
correlated atomic systems.
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1.0 Introduction

Accurately determining atomic ground-state
properties remains a fundamental objective in
quantum physics because it provides essential
information about atomic stability, electron
distribution, electron—electron interactions, and
correlation effects. Although the nonrelativistic
Schrédinger equation provides the theoretical
foundation for describing atomic systems,
obtaining accurate solutions for many-electron
atoms is challenging because of the coupled
motion of electrons, Coulomb repulsion, and
the requirement that the total electronic
wavefunction satisfy fermionic antisymmetry.
Consequently, few-electron atoms have
become important benchmark systems for
evaluating the reliability of analytical,
variational, and stochastic computational
methods (King & Shoup, 1986; Sims &
Hagstrom, 2009). The Ilithium atom is
particularly suitable for this purpose because it
contains three interacting electrons and
exhibits important correlation effects despite
its relatively simple electronic structure.

In its ground state, lithium has the electronic
configuration (1s> 2s'), comprising two core
electrons and one valence electron. The
ground-state properties are determined by the
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combined effects of electron—nucleus
attraction, electron—electron repulsion,
exchange, and electronic correlation. An
accurate computational description must

therefore reproduce not only the total ground-
state energy but also the spatial distribution of
electrons and their mutual correlations. King &
Shoup (1986) investigated the lithium atom
using accurate electronic-structure
calculations, while Sims & Hagstrom (2009)
employed a  Hylleraas  configuration-
interaction approach to examine the ground
state and several excited states. Similarly,
Galvez et al. (2000) calculated correlated one-
electron and two-electron densities for the
lithium ground state, demonstrating the
importance of electronic correlation in
describing atomic structure. These studies
establish lithium as a useful reference system
for testing computational approaches to
correlated many-electron problems.
Conventional electronic-structure methods
provide important foundations for such
calculations. Hartree—Fock theory accounts for
exchange through an antisymmetric single-
determinant wavefunction but does not fully
describe electron correlation. Configuration-
interaction and explicitly correlated methods
improve the wavefunction by incorporating
contributions  from  multiple electronic
configurations and interelectronic coordinates.
The work of Lopez Rios et al. (2006)
demonstrated the usefulness of correlated
wavefunctions for describing atoms across a
broad range of the periodic table. Nevertheless,
achieving high accuracy in correlated
electronic systems remains computationally
demanding, motivating the  continued
development of alternative approaches capable
of sampling complex many-body distributions
efficiently.

Quantum Monte Carlo (QMC) methods
address this challenge by combining quantum-
mechanical formulations with stochastic
sampling. Variational Monte Carlo estimates

expectation values using a trial wavefunction,
whereas  diffusion Monte Carlo uses
imaginary-time  projection to  suppress
contributions from excited states and approach
ground-state properties. These methods have
been widely investigated for atoms, molecules,
and condensed-matter systems because they
can treat electron correlation more explicitly
than simple mean-field approaches (Austin et
al., 2012; Foulkes et al., 2001; Needs et al.,
2010). However, their accuracy and
computational efficiency depend on the quality
of the trial wavefunction, the sampling
strategy, and the treatment of fermionic
antisymmetry.

Path Integral Monte Carlo (PIMC) offers a
complementary framework for investigating
quantum systems by expressing quantum-
mechanical quantities as integrals over particle
trajectories in imaginary time. The method
originates from Feynman’s path-integral
formulation of quantum mechanics (Feynman,
1948) and can be connected to statistical-
mechanical partition  functions  through
imaginary-time evolution. Trotter’s product
formula provides a mathematical basis for
discretizing the evolution operator into finite
time slices (Trotter, 1959), while subsequent
developments established  path-integral
methods as important tools for studying
quantum statistical systems (Ceperley, 1995;
Feynman & Hibbs, 1965). In PIMC, the
quantum problem is transformed into a
sampling problem over discretized paths,
allowing relevant thermodynamic and
structural  quantities to be estimated
statistically. Reviews by Ceperley (1995) and
Westbroek et al. (2018) discuss the theoretical
foundations and computational implementation
of path-integral sampling.

The ground-state limit can be investigated by
considering sufficiently low temperatures,
corresponding to large inverse temperatures,
and controlling the discretization error
associated with the number of imaginary-time
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slices. =~ Under  appropriate  conditions,
contributions from excited states become
progressively suppressed, allowing ground-
state properties to be estimated from the
sampled quantum distribution. The accuracy of
these estimates depends on convergence with
respect to temperature and time-slice
discretization, the efficiency of the sampling
algorithm, and the treatment of electron
exchange. Metropolis—Hastings  sampling
provides a general framework for generating
configurations from a target distribution,
building on the foundational Monte Carlo
method of Metropolis et al. (1953) and the
generalization introduced by Hastings (1970).
Path-integral ~ formulations and  related
computational techniques have subsequently
been applied to quantum many-body systems,
including light nuclei, quantum dots, and
condensed matter (Chen & Schmidt, 2022;
Dornheim, 2019; Pollet, 2012).

A major challenge in applying conventional
PIMC to the lithium atom is the fermion sign
problem. Because electrons are
indistinguishable fermions, exchanging two
electron coordinates changes the sign of the
wavefunction. The resulting path contributions
can therefore have positive or negative
weights, producing cancellations that increase
statistical uncertainty, particularly at low
temperatures. Ceperley (1991, 1995) examined
the role of fermionic nodes and the sign
problem in quantum Monte Carlo, while later
studies investigated sign-problem limitations
and possible bounds or special cases in
fermionic simulations (Chin, 2023; Zhang et
al., 2022). Fixed-node and restricted-path
approaches offer practical ways to constrain the
sampling using an approximate nodal structure.
However, the quality of that structure can
introduce systematic errors, as discussed by
Anderson (1995), Reynolds et al. (1982), and
Rasch et al. (2012). These limitations make
careful validation and transparent assessment

of convergence essential when PIMC is used
for correlated electronic systems.

Although extensive research has examined
lithium using high-accuracy wavefunction
methods and has developed PIMC and related
QMC techniques for many-body systems, a
focused computational assessment of the
lithium ground state using the particular path-
integral and Metropolis—Hastings framework
adopted in this study remains valuable. In
particular, the relationship between the
estimated ground-state energy and
complementary observables—including
electron density and ionization energy—should
be assessed alongside numerical convergence
and consistency with established lithium
calculations. A systematic comparison with
correlated electronic-structure results can help
determine whether the proposed
implementation captures the essential physical
features of the three-electron atom and identify
limitations associated with its approximations.
The aim of this study is to investigate the
ground-state properties of the lithium atom
using a Path Integral Monte Carlo framework.
Specifically, the study formulates the path-
integral representation through imaginary-time
transformation, relates the resulting statistical
formulation to the quantum-mechanical
Hamiltonian, and implements Monte Carlo
sampling wusing the Metropolis—Hastings
algorithm. It estimates the ground-state energy,
ionization energy, and electron-density
distribution and evaluates the consistency of
the results with established theoretical studies.
The significance of the work lies in assessing
the usefulness of a stochastic path-integral
approach for a fundamental correlated-electron
system. By examining both energetic and
structural observables, the study seeks to
provide a basis for further development of
computational methods applicable to more
complex atoms and quantum many-body

systems.
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The remainder of the paper is organized as
follows. Section 2 presents the theoretical
foundation of the path-integral formulation,
including imaginary-time transformation, the
partition-function  connection, and the
estimator used for ground-state calculations.

procedure and the Metropolis—Hastings
algorithm. Section 4 presents and discusses the
calculated  ground-state  properties  and
comparisons with available theoretical results.
Section 5 summarizes the principal findings
and conclusions.

Section 3 describes the Monte Carlo sampling

2.0 Path integral formulation of quantum mechanics

2.1 Formulation and Trotter slicing

The time-dependent Schrodinger equation for a non-relativistic particle of mass m moving in a
one-dimensional potential V (z) with the Hamiltonian expressed as the sum of the kinetic- and
potential-energy operators, H=T+V,, is given by (Feynman, 1948; Feynman & Hibbs, 1965;
Trotter, 1959). is

ih=(z,t) = A(z,t) (1)

And the corresponding evolution operator is

0(t,¢") = e W= Q)

So that [(t)) = U(t, t")|(t")). By introducing position eigen states, the solution of eq. (1) is,
(D) = (2, 0) = [ K(, 6.2, (', t)dz’ G)

where K(z,t; 2/, ') = {{z|U(t, t)|2') = ((z]e "¢ |2") (4)

It is represented by the density matrix, also known as the propagator (Feynman & Hibbs, 1965).
To obtain a real and positive statistical weight suitable for Monte Carlo sampling, A Wick rotation
is performed to transform real time into imaginary time (Feynman & Hibbs, 1965; Ceperley, 1995;

i 1
Dornheim, 2019)., t = —it, where T is imaginary time. So that e "' — e "#""_ And the imaginary
time propagator becomes
Mz 25 B) = ((z]e PH/|z") ®)

where f = h/kgT
The imaginary-time interval is divided into P slices as § = PAtThe Trotter decomposition can
therefore be expressed as follows (Trotter, 1959; Suzuki, 1976).

e BH/h = lim [e‘ATT/he‘ATV/h]P + 0(AT?) (6)

P—oo

A higher-order factorization may subsequently be employed to reduce time-step discretization
errors. By inserting \(P-1\) complete sets of position eigenstates into the propagator, the path-
integral representation can be obtained (Feynman & Hibbs, 1965; Ceperley, 1995) as I =
[ dzj|z;) (z] to give

Mzp,zo; B) = [dzy ... dzp_y [15-1(zj]le 27T/ Me ™27V /M |z;_,) (7)
Where z = zp

For a free particle, the propagator using the gaussian integral

fe‘azz”’zdz = \/gebz/‘*a ®)

Eq. (7) is evaluated to obtain
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12 (_m(zj‘zj—1)2>
2Ath
(Z-|e_ATT/he_ATV/h|z-_1) :( m ) e

2mAth (9)
p/2 Sg/h
S0, A(zp, 20 f) = (=) [ dzy ....dzp_1e%F (10)
where the discretized Euclidean action is
m(zi-z;_1)"
Sp=Xi [;Tfhl+ ATV(Z]-)] (11)

In the continuum limit, as the number of time slices approaches infinity, the discretized path-
integral formulation converges to its continuous representation (Feynman & Hibbs, 1965;
Ceperley, 1995; Dornheim, 2019; Feynman, 1948).

Selz(D)] = fﬁ[ (%)2 + V(Z)] drt (12)
Consequently

A(zp, 293 B) = [ Dz(1)e St/ (13)
2.2 Partition function

The canonical partition function is

Z(B) = Tr[e Pt/ (14)
And in position representation,

Z(B) = [{(z|e PH/M|z") (15)

P2 Sg/h
Hence, Z(B) = (Zth) [dz ....dzp_,e°E/ (16)

The quantum particle has therefore been transformed into a classical-like ring polymer consisting
of PP imaginary-time beads; z, z;. .., Zp_4 wWith bead P connected back to bead 0. Considering eq.
(11), then, the configuration probability sampled by PIMC is

eSE/R

n(2) = 75 (17)
The energy expectation is obtained from the partition function as

E(B) = —h3znZ(B) (18)
Using the spectral representation

Z(B) = Tn_ge FEn/t (19)
So, E(p) = Heafae T0D 0)

As imaginary time increases (f — 0 ), contributions from excited states are exponentially
suppressed, leaving the ground state as the dominant contribution (Feynman & Hibbs, 1965;
Feynman, 1948; Ceperley, 1991; Ceperley, 1995; Dornheim, 2019; Foulkes et al., 2001; Needs et
al., 2010; Austin et al., 2012).

E, = }312}) EB) (21)
This provides the connection between finite-temperature PIMC and ground-state quantum Monte
Carlo

2.3 Fermionic sign problem and approximations

Electrons, however, are fermions; therefore, their many-body wavefunction must satisfy the
antisymmetry principle under the exchange of any two electrons (Pauli, 1925; Ceperley, 1991).

Yot tyn) = (e Ty i ) 22)

=1
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Consequently, the fermionic density matrix is obtained by antisymmetrizing the distinguishable-
particle density matrix with R = (1,13, ....1y) and k is permutation of particle labels

Ar(R,R; B) = ZK( D*A(R, kR"; B) (23)
Slater Jastrow
A practical way of imposing fermionic antisymmetry is to use a Slater determinant. For N
electrons, the Slater determinant is given as

D(R) = det [¢: ()]
For hthlum a simple spin-orbital representation is

$1(r1)  P1(r2)  Pa(r3)
D(R) = ¢2(T1) $2(r2)  $2(13) (24)
¢3(T1) $3(r2)  ¢3(r3)
The Slater determinant accounts primarily for antisymmetry, whereas the Jastrow factor
incorporates electron correlation
J(R) = e¥® (25)
where U(R) = X% 13;: + ZLAX(H,A) (26)
So, the trial wavefunctlon is therefore written as (Toulouse and Umrigar, 2008; Umrigar et al.,
2007)
Yr(kR) = (1) Pr(R) 27)
where Y7 (R) = D(R)J(R)
Thus, antisymmetry comes from the Slater determinant while dynamical correlation is introduced
through J(R)
i. Importance sampling
Direct PIMC samples
(R) «x e SE®)/A (28)
However, sampling can be improved by incorporating information from a trial wavefunction.
Define the importance-sampled distribution
fR,7) =yr(R)P(R,7) 29)
For a positive trial amplitude within a nodal pocket, the corresponding importance-sampled
imaginary-time equation becomes

)
—SL = V2 + V.[F(R)f] + [EL(R) — Er]f (30)
in atomic units, where the drift force, (Foulkes ef al., 2001; Austin ef al., 2012) is
F(R) = VIn|yr(R)| = Vin|D(R)| + VJ(R) (31
and
H7(R)
E,(R) = T (32)

Hence both the determinant and Jastrow factor contribute to the drift

ii. Fixed node

For fermions, unrestricted sampling encounters the sign problem because positive and negative
contributions cancel. The fixed-node approximation addresses this by imposing

Y(R,7) = 0, whenever Y (R) =0 (33)
Thus, the nodal surface of the exact fermionic wavefunction is approximated by the nodal surface
of the trial wavefunction (Ceperley, 1991; Reynolds et al., 1982).
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The fixed-node density matrix may be written schematically as

AR, R’ B) = [R01F DR(@)e s/ Oy [R(2)] (34)
_ (1, for R(x) inside the region

Where Oy [R(7)] = { 0, otherwise

Thus, a proposed path that crosses the nodal surface is rejected.

For the Slater—Jastrow trial state, the nodes are determined by D(R)=0.

The Jastrow factor changes the amplitude but, for a positive Jastrow factor, does not change the

nodal surface.

iii. PIMC probability distribution

For the P-slice representation, we define R; = (rl‘ 212, e T, j) and the complete path

configuration is R = (Ry, Ry, ....Rp_1), where Rp = R, for ordinary periodic paths, or the

appropriate antisymmetric permutation boundary condition for fermions. The discretized

Euclidean action becomes

(35)

_ 2
S = 25t | R — Ry| + ATV(R))| (36)
The PIMC sampling distribution is therefore
(R) o< e SE®/ M1 (Ry)|* Op [R] (37)

iv. Estimators
The thermodynamic energy estimator follows from eq. (18), so for a d-dimensional system of N
particles, the primitive thermodynamic estimator has the form

_ NdP mpP P-1 2 1 wp-1
E = — s Zi=olRiss — Ri| + 2275 VR (38)
This estimator can have large variance when P is large, and so, a virial estimator is often preferable
For a Hamiltonian, H=T+V, the quantum virial theorem for a bound stationary state gives

2(T) = (T} 1. ViV) (39)
Therefore, for an N-electron system (Chin, 2023; Toulouse and Umrigar, 2008; Austin et al., 2012;
Umrigar et al., 2007)

Eo =(T) + (V) = (V(R) + S Xi" 1. ViV (R)) (40)

3.0 Method
3.1 Metropolis-Hasting algorithm

The Metropolis—Hastings algorithm follows a sequence of steps for generating samples from the
target probability distribution (Metropolis ef al., 1953; Hastings, 1970; Foulkes et al., 2001; Needs
etal., 2010).

i. Generate an initial configuration R = (R, Ry, .... Rp_1) inside an allowed nodal pocket

ii. Evaluate ¥ (R) and = VIn|yY+(R)]|

iii. Choose an imaginary-time slice j and propose a possible move R]f = R; + F;At + ,/Atn, where
7 is a normally distributed random vector

iv. If Y7 (R")Y+(R) < 0 and the path crosses the prescribed nodal surface, reject the move

v. The metropolis ratio is A = min [1, —7;(;))

vi. Generate random number U[0,1]. And accept the move if U < A, otherwise, retain the previous
configuration

vii. After equilibration, calculate E, (V) and (T) and other observables from statistically

independent or appropriately decorrelated configurations.
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viii. Divide the Markov chain into blocks and calculate

(E) = -3 By

(41)

The standard error is estimated from the block variance

0_2

Oy = |77

(42)

Block averaging is important because successive Monte Carlo configurations are correlated

3.2 Dimensionless units

In PIMC, it is advantageous to express the
governing equations in dimensionless form.
Dimensionless units simplify the mathematical
formulation, improve numerical stability,
reduce computational cost, and eliminate the
need to repeatedly handle extremely large or
small physical constants. For atomic systems
such as the lithium atom, atomic units (a.u.) are

e =m, = 4mey, = 1, where A is the reduced
Planck constant, e is the elementary charge, m,
is the electron mass €, is the vacuum
permittivity. With these definitions, many
physical quantities become dimensionless. The
unit of length is the Bohr radius aq =
4megh?/m,ye? = 0.529177 A°, while the unit
of energy is the Hartree energy Ej, =
e?/4Ameya, = 27.211386 eV (Tiesinga et al.,

commonly employed because they naturally 2021).
match the characteristic scales of electrons and  The  Hamiltonian  lithium  atom  in
nuclei. dimensionless units is given as;
In the atomic unit system, four fundamental
physical constants are defined to be unity; h =

1,00 2 2 1 1 1 1 1
H‘E(Vl_VZ_V3)_3(Z_E_E)+(E+Z+E) (43)

where V? is the Laplacian of electron i, 7; = |r; — R| is the distance between the electron i and the
lithium nucleus and r;; = |ri — rj| is the electron-electron separation

4.0 Results and discussion

The program for the PIMC simulation of the
lithium atom incorporating the Slater-Jastrow
wavefunction, fixed-node approximation,
importance sampling and the virial estimator
was written and implemented in python
language on eq (38) and consequent error eq.
(39). The following initializations were
employed for the parameters; Effective nuclear
charge = 3, Number of Trotter Slices = 500,
Inverse temperature = 10, electron mass = 1,
Number of electrons = 3, Number of Monte
Carlo steps = 1000, Monte Carlo step size =
0.5. However, eq. (4) was used for the potential
and the virial theorem implemented for the
kinetic energy. The acceptance ratio (that
accounts for the number of moves accepted) =
0.785

The average ground state energy obtained from
the PIMC simulation is -7.47806740.00002
Hartrees. 1Hartree =27.2114 eV, so the ground
state energy becomes -203.488672 eV vis-a-vis
the experimental value of -203.488482 eV.

Figurel shows the noise in the variation of
energy against MC steps. During the initial
phase, fluctuations in energy reflected
equilibration of the randomly initialized
electron paths. As sampling progressed, the
energy stabilized around a mean value,
indicating that the Monte Carlo distribution had
reached a stationary regime. The ground-state
energy was then obtained from equilibrated
samples, with statistical uncertainty estimated
from fluctuations. Convergence was confirmed
when increasing the number of Monte Carlo
steps produced only statistical variations
around a stable mean, without systematic drift.

=1
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The small discrepancy between the PIMC
estimate and the exact value arises primarily
from finite Trotter discretization error,
statistical uncertainty, and the fixed-node
approximation used to mitigate the fermion
sign problem. The PIMC successfully
reproduced the principal  ground-state
properties of the lithium atom, including total
energy, kinetic and potential energies, radial
density, and electron correlations. The
calculated ground-state energy agrees closely
with benchmark theoretical and experimental
values, demonstrating that PIMC is a powerful
framework for studying correlated quantum
systems.

To examine convergence with respect to
inverse temperature in figure 2, separate
simulations were performed across a range of
values: f = 1,2,3,5,7,10,15, ...,1000. For each
B, equilibrated paths were sampled, and
average kinetic and potential energies were
combined to yield E(B) =(T)+ (V). As

expected, increasing  [corresponds  to
decreasing temperature, progressively
suppressing excited-state contributions

according to e PFn_ The energy approached a
stable limiting value as fincreased, consistent
with convergence toward the ground state.
When successive increases in fproduced
energy changes smaller than the statistical

uncertainty, the ground-state energy was
considered converged
In Fig. 3, convergence with respect to

imaginary-time discretization was investigated
by varying the number of Trotter slices, P,
while keeping the inverse temperature f§ fixed.
For each P, the imaginary-time interval was
divided into P slices according to T = f/P. As
P increases, the discretization of imaginary
time becomes finer, reducing Trotter error.
Consequently, the energy approaches a stable
limiting value. When further increases in
P produce changes smaller than the statistical
uncertainty, the calculation is considered

converged  with Trotter
discretization.

In Fig. 4, the convergence of kinetic, potential,
and total energies with respect to the number of
Trotter slices was examined. As P increases,
the imaginary-time discretization becomes
finer, reducing Trotter error. Consequently,
kinetic, potential, and total energies
progressively approach stable limiting values.
Agreement between the total-energy curve and
the sum of the kinetic- and potential-energy
curves provides an internal consistency check,
while stabilization of all three quantities with
increasing P indicates convergence with
respect to discretization

In Fig. 5, the relative performance of different
electronic-structure methods for lithium is
visualized. As seen, Monte Carlo approaches
(PIMC, VMC, DMC) and wavefunction-based
CI converge closely to the near-exact reference
energy of —7.478 Hartree, establishing them as
reliable standards

This visual representation in figure 6,
facilitates direct comparison of the relative
magnitudes of the kinetic and potential
contributions to the ground-state energy of
lithium and illustrates the extent to which the
potential energy (reflecting the net attractive
Coulomb interaction) dominates over the
positive kinetic energy contribution, consistent
with the bound nature of the atomic ground
state

The radial probability density was constructed
from the radial positions of the electrons
sampled throughout the PIMC simulation. For
every electron and at every Trotter slice, the
radial coordinate » was calculated from the
corresponding Cartesian position as [ = V(x? +
y> + 7?)], and the resulting values were
accumulated in a radial distances array over the
full course of the simulation. A normalized
histogram of these sampled radial distances
was subsequently constructed and plotted as a
function of r, yielding the PIMC estimate of the
radial electron probability density shown in

=1
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figure 7. This representation describes the
probability of locating an electron at a given
radial distance from the nucleus, irrespective of
angular  orientation, and is therefore
particularly well-suited to identifying shell
structure in the atomic electron distribution.
While the radial probability density provides a
spherically averaged description of the electron
distribution, it does not, by itself, convey
information regarding the spatial symmetry of
the electron cloud. To address this, the full
three-dimensional  electron density was
additionally constructed using the complete set
of sampled electron positions (x, y, 2z),
accumulated over all electrons and Trotter
slices throughout the simulation. These
sampled coordinates were binned into a three-
dimensional spatial histogram, or density grid,
such that regions of space sampled with greater
frequency correspond to regions of higher
electron density. The resulting density
distribution may be visualized through a
variety of representations, including three-
dimensional scatter plots, iso-surfaces, contour
representations, or volume rendering, with the
lithium nucleus placed at the origin of the
coordinate system in each case.

Formally, the three-dimensional electron
density is related to the many-body probability
density through integration over the spatial
coordinates of all electrons other than the one
under consideration [p(r) = N[[¥(r, rs, ...,
r_N)P? drz---dr_N]. For the lithium atom, the
resulting density is expected to exhibit two
physically distinct features corresponding to
the atomic shell structure: a region of high
density located close to the nucleus, arising
from the strongly localized 1s core electrons,
and a more diffuse, spatially extended
distribution at larger radii, arising from the
comparatively delocalized 2s valence electron.
For every Monte Carlo configuration and
Trotter slice, the pairwise separation between
electrons was computed for each of the three
distinct electron pairs, (1,2), (1,3), and (2,3),

according to [ri2 = |r1 — r2|] (and similarly for
the remaining pairs). The resulting pair
distances were accumulated into radial bins
over the course of the simulation in order to
construct the pair-correlation function, g(r).

In the conventional definition applicable to
homogeneous many-body systems, g(r)
represents the probability of finding an electron
at a separation » from a reference electron,
normalized relative to that expected for an
uncorrelated, uniform reference density. For
the lithium atom, however, the electron density
is spatially inhomogeneous by virtue of the
finite, nucleus-centered  system  under
consideration; the corresponding quantity
computed here is therefore more precisely
interpreted as a radial pair-distribution function
rather than a pair-correlation function in the
strict homogeneous-system sense,
notwithstanding the common practice of
referring to both by the same notation.
Physically, g(r) is expected to be strongly
suppressed at small pair separations, a feature
commonly referred to as the correlation hole.
This suppression arises from two distinct
physical mechanisms: first, the Coulomb
repulsion between electrons, which disfavors
close approach irrespective of spin; and
second, for pairs of electrons with parallel spin,
the antisymmetric requirement imposed on the
fermionic many-body wavefunction, which
introduces an additional exchange hole. As a
result, g(r) is expected to approach a
suppressed value in the limit r — 0 and to
approach its uncorrelated asymptotic limit at
sufficiently large electron separations. Within
the present study, the spin-averaged pair-
correlation function shown in Fig. 9, therefore
provides direct information regarding electron—
electron avoidance in lithium and the overall
strength  of many-electron  correlation,
complementing the total-energy and electron-
density results discussed in the preceding

sections.
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While the spin-averaged pair-correlation
function captures the combined effect of
Coulomb and exchange correlation, these two
contributions may be disentangled by resolving
the electron pairs according to their relative
spin orientation. In the ground-state electronic
configuration of lithium, 1s®> 2s', the two
electrons occupying the 1s core shell are
predominantly of opposite spin, in accordance
with the Pauli exclusion principle, while the
single 2s valence electron shares its spin with
one of the two core electrons under the chosen
spin representation. The resulting three-
electron system therefore contains both
parallel-spin and antiparallel-spin electron

pairs, allowing the corresponding pair-
correlation  functions to be computed
separately.

For each Monte Carlo configuration and
Trotter slice, the pairwise separations were
evaluated above and were accumulated
separately according to the relative spin

orientation of each pair, yielding two distinct
pair-correlation functions: the parallel-spin
correlation  function, gT1(r), and the
antiparallel-spin correlation function, g1 |(r).
Because parallel-spin electron pairs are subject
to the additional constraint of wavefunction
antisymmetry, g71(r) is expected to exhibit a
more pronounced suppression at small r than
g1](r), reflecting the combined presence of the
Coulomb correlation hole and the fermionic
exchange hole. Antiparallel-spin electron pairs,
by contrast, are not subject to the Pauli
exclusion principle and are therefore expected
to exhibit a relatively higher probability of
close approach, governed by Coulomb
repulsion alone. Comparison of gf11(r) and
g1l(r), as presented in Fig. 10, therefore
provides a means of isolating and separately
assessing the respective contributions of
fermionic exchange and -electron—electron
Coulomb correlation to the overall electronic
structure of lithium.

Energy (a.u.)

—— Energy samples
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0 200 400
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Fig. 1: Energy convergence on MC steps
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50 Conclusion

The present study has established the
effectiveness of the Path Integral Monte Carlo
(PIMC) method for investigating the ground-
state properties of the lithtum atom. The results
demonstrate that PIMC can successfully
account for quantum fluctuations and electron—
electron correlation effects in few-electron
systems, with the calculated ground-state
energies and associated physical observables

showing  satisfactory  agreement  with
established theoretical and experimental
results. The investigation of kinetic and

potential energy contributions, probability
densities, radial and spatial electron
distributions, and pair-correlation functions has
provided further insight into the underlying
quantum  structure of both  systems.
Furthermore, systematic analyses with respect
to the number of Trotter slices, inverse
temperature, Monte Carlo steps, and statistical
uncertainty have confirmed the critical
importance of convergence and adequate
sampling in obtaining reliable PIMC results.

Comparisons with Hartree—Fock theory,
configuration interaction, density functional
theory, variational Monte Carlo, diffusion
Monte Carlo, and experimental data
collectively demonstrate the value of PIMC as
a reliable and complementary approach for the
study of correlated atomic systems.
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