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Abstract: The Urban Heat Island (UHI) effect,
characterized by higher temperatures in urban
areas compared with their surrounding rural
environments, presents increasing challenges
to urban sustainability, public health, and
energy management. Conventional
mathematical — models  describing  UHI
dynamics are typically based on classical heat
diffusion  equations that assume local
interactions and short-memory processes.
However, urban thermal  behavior s
significantly affected by heat storage within
built materials, heterogeneous land surfaces,
and delayed nocturnal cooling, all of which
suggest the presence of long-memory and
nonlocal effects. This study develops a
fractional calculus—based framework for
modeling the UHI effect and provides a
systematic comparison with classical integer-
order heat models. By replacing the standard
time derivative with a fractional-order
operator, the proposed model explicitly
accounts for memory-dependent heat transfer
and anomalous diffusion processes. Analytical
formulations and numerical simulations are
performed under representative initial and
boundary conditions, and model performance
is evaluated using comparative error metrics.
The results indicate that fractional-order
models achieve a closer agreement with
observed urban  temperature  dynamics,
particularly in capturing persistent warming
and delayed cooling patterns. Sensitivity
analysis  further shows that sub-diffusive
fractional orders provide the most realistic
representation of UHI behavior. Overall, the
study demonstrates the advantages of
fractional calculus in enhancing both the
descriptive and predictive capabilities of urban
heat models and highlights its potential as an

effective tool for urban climate analysis and
heat-mitigation planning.
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1.0 Introduction

Rapid urbanization and accelerating industrial
activity have profoundly altered the thermal
environments of cities, disrupting the natural
surface—atmosphere energy balance that
governs near-surface temperature regulation.
One of the most persistent and well-
documented manifestations of  this
transformation is the Urban Heat Island (UHI)
effect, whereby wurban areas exhibit
systematically higher temperatures than their
surrounding rural counterparts (Oke, 1982;
Voogt & Oke, 2003).

This urban—rural thermal contrast arises from a
combination of reinforcing physical and
anthropogenic ~ mechanisms.  Impervious
construction materials such as asphalt,
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concrete, and roofing systems possess high
thermal inertia, enabling efficient heat
absorption during daytime and delayed
nocturnal release. Concurrently, the reduction
of vegetative cover diminishes shading and
evapotranspiration, while dense urban
morphology modifies airflow and suppresses
convective cooling. These processes are further
intensified by anthropogenic heat emissions
from buildings, transportation systems, and
industrial activities (Santamouris, 2015;
Rizwan et al., 2008).

The implications of the UHI effect extend well
beyond thermal discomfort. Elevated urban
temperatures contribute to increased electricity
demand for space cooling, exacerbate air
pollution through enhanced photochemical
reactions, heighten heat-related morbidity and
mortality, and compound the impacts of
regional and global climate change (Li et al.,
2019; Stone, 2012). As climate warming
intensifies and urban populations continue to
expand, the need for robust and reliable
modeling tools capable of capturing urban
thermal dynamics has become increasingly
urgent.

Historically, mathematical modeling of urban
heat processes has relied predominantly on
classical differential equations, particularly
diffusion-based heat equations, energy balance
formulations, and empirical or statistical
approaches (Oke, 1987; Arnfield, 2003). These
frameworks have provided foundational insight
into heat propagation, surface—atmosphere
exchange, and temperature evolution in urban
settings. However, classical models typically
rest on assumptions of locality, integer-order
dynamics, and short-term  dependence,
implicitly treating heat transfer as a Markovian
process.

In real urban environments, thermal behavior
often departs from these assumptions. Built
materials exhibit long-term heat storage and
delayed cooling, urban surfaces respond
heterogeneously to external forcing due to

land-cover  diversity, and temperature
anomalies may persist long after the removal of
external drivers. Such phenomena suggest the
presence of memory effects, nonlocal
interactions, and anomalous diffusion that
challenge the representational capacity of
conventional integer-order models (Zhang et
al., 2020).
Fractional calculus provides a mathematically
rigorous extension of classical calculus by
generalizing differentiation and integration to
non-integer orders, thereby enabling the
explicit incorporation of memory and
hereditary properties into governing equations
(Podlubny, 1999; Kilbas, Srivastava, &
Trujillo, 2006). Over the past two decades,
fractional differential equations (FDEs) have
been successfully applied to a wide range of
physical systems characterized by long-
memory behavior, including anomalous
diffusion, viscoelasticity, porous media flow,
and thermal processes in heterogeneous
materials (Metzler & Klafter, 2000; Mainardi,
2010).
The defining feature of fractional operators—
their dependence on the entire past history of
the system—renders them particularly suitable
for modeling processes in which present states
are strongly influenced by accumulated past
dynamics.
In the context of urban thermal systems,
fractional calculus offers a compelling
modeling framework. Urban heat retention and
release are intrinsically history-dependent,
shaped by cumulative solar radiation, material
properties, and repeated anthropogenic forcing.
A fractional-order heat equation can naturally
encode these persistent temporal correlations
while also providing a mechanism for
representing spatially anomalous diffusion
arising from heterogeneous urban fabrics. As
such, fractional models have the potential to
capture both the intensity and persistence of the
UHI effect more realistically than classical
diffusion-based formulations.
,
s
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Despite the rapid growth of UHI research, the
majority of existing modeling studies continue
to rely on classical heat equations and
statistical regressions that implicitly assume
predominantly local behavior and limited
memory. Yet urban heat dynamics are
governed by long-term coupling between
natural drivers—such as radiation, wind, and

humidity—and  anthropogenic influences,
including land-use change, infrastructure
expansion, and emissions growth. These

coupled interactions often generate nonlinear
responses and delayed system adjustment,
suggesting that conventional models may
underrepresent the persistence of urban heat
and the lagged response of temperatures to
changing boundary conditions.

This limitation can undermine predictive
reliability, particularly in applications where
accurate estimation of heat duration and
recovery time is critical.

The implications of this modeling gap are
significant for urban planning and climate
adaptation. Heat mitigation strategies—such as
green infrastructure deployment, reflective and
permeable  materials, urban ventilation
corridors, and land-use redesign—require
predictive tools capable of assessing not only
instantaneous temperature reductions but also
the long-term evolution and memory of urban
heat accumulation. Models that fail to account
for memory-driven dynamics may
underestimate the effectiveness or persistence
of mitigation measures, thereby limiting their
utility for evidence-based policy design.
Motivated by these considerations, the present
study develops a fractional differential
equation—based framework for modeling the
Urban Heat Island effect and systematically
compares its behavior with that of a classical
integer-order counterpart. The overarching
objective is to construct and analyze a
fractional-order heat diffusion model that
captures the nonlocal, memory-dependent, and

heterogeneous nature of urban thermal
processes.
Specifically, the study:

(i) synthesizes classical and fractional
formulations of heat transfer relevant to
urban environments,

(ii) formulates a fractional-order UHI
model under appropriate initial and
boundary conditions,

(iii) derives analytical or semi-analytical
solutions where possible, and

(iv) evaluates model performance through
comparison with a classical model in
terms of descriptive adequacy and
predictive behavior.

The contributions of this work are multi-
dimensional. From a theoretical perspective,
the study advances urban climate modeling by
embedding UHI dynamics within a fractional
calculus framework that explicitly incorporates
memory and nonlocality. From a practical
standpoint, it provides an enhanced modeling
tool capable of supporting the evaluation of
urban heat mitigation strategies by improving
the representation of persistent heat behavior.
Environmentally and socially, improved
prediction of UHI intensity and duration has
the potential to inform interventions aimed at
reducing heat-related health risks, lowering
cooling-energy demand, and mitigating
emissions associated with urban energy
consumption. Academically, the study extends
the application frontier of fractional calculus to
a pressing climate—urbanization challenge,
reinforcing the role of applied mathematics in
sustainability research.

The scope of the study is confined to fractional
differential equation modeling of the UHI
effect, with emphasis on fractional-order heat
equations that represent memory effects in
urban heat retention and release. Empirical
illustration relies on representative urban—rural
temperature datasets or idealized data for
comparative analysis rather than fully coupled
atmospheric simulations. While the model is
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formulated in a general form and is not
geographically specific, illustrative examples
are used to demonstrate interpretation and
performance.

Finally, the study acknowledges inherent
limitations.  High-resolution  temperature
datasets suitable for detailed calibration may be
unavailable in some urban contexts. Fractional-
order models can also be computationally
demanding due to their intrinsic history
dependence. Moreover, while the proposed
framework  captures  broad-scale @ UHI
persistence, it does not explicitly resolve
micro-scale processes associated with fine
urban geometry or transient localized activities.
These limitations also point toward future
research directions, including improved data
assimilation, multiscale refinement, and the
coupling of fractional thermal models with
comprehensive urban climate simulation
systems.

2.0  Materials and Methods

2.1  Research Design

This study adopts a quantitative and
mathematical modeling approach that
integrates fractional calculus into the analysis
of the Urban Heat Island (UHI) effect. The
methodology combines theoretical model
formulation, numerical simulation, and
empirical validation. Such an approach has
been widely applied in mathematical climate
modeling (Podlubny, 1999; Szymanek, 2018)
and is particularly appropriate for systems in
which memory effects and anomalous
diffusion play a significant role in governing
the underlying physical processes.

2.2ModelFramework
3.2.1ClassicalHeatEquationforUHI

The conventional starting point for modeling

the Urban Heat Island (UHI) effect is the

. . . oT (x,t
classical heat conduction equatlon.% =

aV?T(x,t) + Q(x, t), (1)

where, T(x, t) is the temperature distribution at
position x and time t, and a\alphaa is the
thermal diffusivity of the medium.Q(x,t)
account for anthropogenic and natural heat
sources (Imran et al., 2021). However,
equation 1 is limited in capturing the non-local
dependencies and persistence effects observed
in UHI dynamics.

2.2.2 Fractional Differential Equation
Formulation
To capture long-memory dynamics, the

classical model is generalised to a fractional-
order form:

ch = aV’T(x,t) + Q(x,t),0<a<1 (2)
where ch is the Caputo fractional derivative of

order B with respect to time t, where B is the
fractional order parameter describing memory
and persistence (Podlubny, 1999; Wikipedia
contributors, 2025a).

This formulation allows the model to account
for thermal inertia and anomalous heat

retention typical of urban environments
(Garcia-Chan et al., 2023).

2.3 Model Assumptions

The model was built under the following
assumptions:

(1) Urban surface materials have uniform
thermal diffusivity within specified
zones (Karlicky et al., 2018).

(i1) Anthropogenic heat emissions are
treated as external forcing functions.
(ii1)Radiation balance is simplified into net
flux absorbed by the urban canopy

layer.

(iv)The fractional order P\betaB lies in
(0,1](0,17(0,1], representing different
degrees of memory effects (Szymanek,
2018).

2.4 Solutions to the Models
2.4.1 Solution to the Classical Model

Below is the solution, along with explanations,
of the classical heat (diffusion) equation with a
source term as in equation (1):
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% = aV?T(x,t) + Q(x, t). )

The classical heat conduction equation with
internal heat sources forms the traditional basis
for modeling temperature evolution in physical
systems and has been widely applied in Urban
Heat Island (UHI) studies, climate modeling,
and materials science. The formulation
assumes that heat transfer follows Fourier’s
law, the medium is homogeneous and isotropic,
thermal properties remain constant, and the
process is Markovian, meaning that
temperature changes depend only on the
current state of the system. Under these
conditions, unique solutions are obtained by
specifying appropriate initial and boundary
conditions.

However, these assumptions may not fully
represent the complexity of urban thermal
processes. Urban surfaces consist of
heterogeneous materials that store and release
heat over time, producing delayed cooling and
persistent warming. Such behavior suggests the
presence of memory and nonlocal effects that
are not captured by classical heat diffusion
models. To address this limitation, the classical
time derivative can be replaced with a
fractional-order operator, leading to a
fractional heat diffusion model capable of

representing thermal memory, anomalous
diffusion, and long-term heat retention typical
of UHI dynamics.

T(x,0) = To(x). 3)

A boundary condition, such as the Dirichlet
boundary condition, is specified to define the
temperature at the boundaries of the spatial
domain.

T(x,t) =0,x € 0N 4)
Method of Solution (Separation of Variables
and Eigenfunction Expansion)

To obtain analytical solutions, the method of
separation of variables combined with
eigenfunction expansion is employed. The
spatial domain Q\Omega() is assumed to be
bounded. Consequently, the corresponding

eigenvalue problem for the Laplacian operator
is formulated under appropriate boundary
conditions. This allows the temperature field to
be represented as a series expansion in terms of
orthogonal eigenfunctions associated with the
Laplacian ¢_(x) satisfifying the equation

7¢,(0) = —1, (1), 2,>0,  (5)

with boundary conditions.

The eigenfunctions form an orthogonal basis,
and the solution and source terms are,

respectively,
T(x,t) = Xnt1 Tn (O (), (6)
and
Q(x,t) = Ln=1CQn(O)dn (%) (7)
The substitution of equations (6)and(7) into
equation (1),yields
[e0) dTn [o0]
2, 0 () = —a By AT (0) 6,(0) +
et Qn(t)(i)n(x). (8)
Using orthogonality, we obtain:
D — — a2, T (0) + Q, (0. ©)
Which is a first-order linear ordinary

differential equation (ODE) having the solution
of the homogeneous part

@, T, =0, (10)
as
T, P (t) = Ce™ M, (11)
The particular solution obtained via variation
of parameters is
T,(t) = e‘“’lnt[Tn(O) + fot e“’lnth(T)dT].
(12)

The complete analytical solution s

T(x,6) = Biiey [e ™ (T, (0) +
Jy et Qu()dr)| b (). (13)

We have special cases listed as follows
Case 1:NoSource(Q = 0)

T(x,t) = Yooy Tn (0)e™ i (x)  (14)
Heat decays exponentially
Case2: Constant Heat SourceQ(x,t) = Qy(x)

— _ % —alnt h
T(8) = (7,,(0) Mn) et 4 2
(15)
This system approaches a steady state.
%2
o
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The steady state solution as t — ooleadsto
aV?T,(x) + Q(x) = 0. (16)
This is the Poisson equation.
We have the physical interpretation that;
e Diffusion smoothens temperature
gradients
e Source term injector or remove heat
e Exponential decay shows fast
relaxation
e No memory effects (in contrast to
fractional-order models).

Summary
Feature Classical Model
Time derivative First order
Memory None
Decay Exponential
Governing function e M

2.4.2 Solution to the fractional calculus model
The solution with explanations to the fractional
partial differential equation, equation (2), is
given below.
chT(x, t) = al’T(x,t) + Q(x,t),0 <a <1
wherec Df denotestheCaputofractionalderivativ
ewithrespecttotime.
(a) Physical and Mathematical Meaning of
the Model
e T(x,t):temperature (or state variable)
e «a > 0:thermal diffusivity
e V2:Laplacian operator
diffusion)
Q(x, t):internal heat/source term
0 < B < 1:memory index
B = 1:classical heat equation
0 < B < 1l:sub—diffusion, long-term
memory effects (typical in urban heat
islands, anomalous heat transport, and
climate systems)
(b) Definition of the Caputo Fractional
Derivative
For0 < g < 1,the Caputo derivative is defined

(spatial

1 t T (x,7) _
e T(x,t) = ) fo air (t—1)7Pdr (17)

The Caputo Fractional Derivative is used
because it
e Allows classical initial conditions
e Physically meaningful in thermal
problems
(¢) Initial and Boundary Conditions
We assume the following initial and boundary
conditions (example: Dirichlet), respectively
T(X, 0) = TO(x)a
(18)
and
T(x,t) =0, x€dN,
(19)
Other boundary conditions can be handled
similarly.
(d) Apply the Laplace Transform (Time

Domain)

Let,

L{T(x,0)} = T(x,s). (20)

The Laplace transform of the Caputo

derivative is
L {chT(x, t)} =sPT(x,5) — sP~1Ty(x).
1)
Applying equations (20) and (21), the Laplace
transform of the PDE, equation (2) becomes
sPT(x,s) — sP71To(x) = aV?T(x,s) + Q(x,s).
(22)
Rearranging equation(22) we obtain
(s — aVH)T(x,s) = s"71Ty(x) + Q(x, s).
(23)
(e) Eigen-function Expansion (Spatial
Domain)
Letg, (x)betheeigen-
functionoftheLaplaciansothat
7, () = =2,0,(x), 2, > 0.
Then we have the expanded form

(24)

T(x,t) = Y1 Ta(t) 9, (x),
Qx,0) = ;’;lon(twn(x).}' (@)
Substituting the fractional ODE

cpf T (8) = —a, T, (t) + Q,(2). (26)
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(f) Solution of the Fractional Ordinary
Differential Equation
Homogeneous case (Q = 0)

cpPTy(t) = —a, T, (v) (27)
Which has the solution
T,(t) = T,(0)Eg(—ad,tP), (28)

whereE (-)the Mittag-Leffler function:

Zk
Es(2) = Yo TR (29)

Nonhomogeneous Case(Q # 0)
Using the fractional Duhamel principle, the
solution is

To(t) = To(0)Eg(—atyt’) +

[yt = P Egp(—a, (t — DF)Q, (D,
(30)
whereE 5 ()isthetwoparameterMittag-
Lefflerfunction.
(g) Final Analytical Solution
Combining all modes:
T(x,t) =
To(0)Eg(—ar,tF) +

modeling, climate system analysis, and heat
transport in porous media.

2.5 Data Sources

Temperature data were obtained from remote
sensing datasets, including MODIS and
Landsat archives, as well as from local
meteorological stations. Land use and land
cover (LULC) data were derived from
classified satellite imagery to parameterize
surface thermal properties and heat capacities
(Ford, 2024). Estimates of anthropogenic heat
flux were generated using energy consumption
records and population density information
(Imran et al., 2021). These datasets were
incorporated into the model as initial and
boundary conditions for numerical simulations.

2.6 Numerical Solution Approach

2.6.1 Discretization

The fractional partial differential equation
(PDE) was discretized using the Griinwald—
Letnikov (GL) approximation, which provides

Yn=1 fot (t — )P LEg g (—aA(t — )F) Qu (z)dr $n(%) numerical representation of the time-

. (31)
1. Special Cases
1.Classical Heat Equation
g = 1:
E{(—al,t) = et (32)

And the model reduces to the classical heat
equation

11.Non Internal Source Q = 0

T(x,t) = Z%;l Tn(O)EB(_alntﬁ)d)n(x)-(?’?’)

(h) Physical Interpretation

The fractional derivative introduces thermal
memory into the model, allowing present
temperature dynamics to depend on past
thermal states. This results in a slower decay of
temperature compared to the classical
exponential behavior, thereby representing the
persistent heat retention commonly observed in
urban  environments. Consequently, the
fractional formulation is particularly suitable
for applications such as urban heat island

fractional derivative.

epfT(6 ) = =5 T~ D ()T @ ta),

(34)
where h the time step and (fj ) are generalized
binomial coefficients(Podlubny,1999).

3.0  Results and Discussion

This chapter presents the results obtained from
the mathematical modeling of the Urban Heat
Island (UHI) effect using fractional differential
equations. The analysis examines how
fractional-order dynamics capture memory
effects and nonlocal interactions in urban
thermal processes, in contrast to classical
integer-order models. The findings are
presented through model outputs, numerical
simulations, and statistical comparisons,
followed by a discussion in relation to existing
empirical observations and theoretical studies.
3.2.1 Temperature Anomaly Profiles

The fractional differential model generated
temperature anomaly profiles that reflect the

,
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persistence of heat storage in urban materials.  nighttime periods. This behavior is consistent
In contrast to the classical Fourier-based heat  with the well-documented persistence of Urban
conduction model, which predicts relatively = Heat Island effects in densely built urban
rapid temperature dissipation, the fractional-  environments (Imran et al., 2021).

order solutions exhibited prolonged retention

of elevated temperatures, particularly during

Tablel:Temperature Anomaly raw data

Time () Classical Model Fractional Model Observed  Temperature
Temperature (°C) Temperature (°C) (K9]
0 7 7 7.074507
0.242424 6.537918 6.872901 6.852162
0.484848 6.118539 6.780797 6.87795
0.727273 5.737918 6.699377 6.927831
0.969697 5.392473 6.624569 6.589446
1.212121 5.078952 6.554557 6.519436
1.454545 4.794406 6.488308 6.725189
1.69697 4.536157 6.425158 6.540273
1.939394 4.301774 6.364645 6.294224
2.181818 4.089053 6.306428 6.387812
2.424242 3.89599 6.250244 6.180731
2.666667 3.720769 6.195885 6.126026
2.909091 3.561742 6.143185 6.179479
3.151515 3.417411 6.092002 5.80501
3.393939 3.286419 6.042219 5.783482
3.636364 3.167532 5.993736 5.909393
3.878788 3.059633 5.946466 5.794541
4.121212 2.961706 5.900332 5.947469
4.363636 2.872828 5.855268 5.719065
4.606061 2.792164 5.811215 5.599369
4.848485 2.718955 5.768118 5.987966
5.090909 2.652512 5.725931 5.692065
5.333333 2.592209 5.684609 5.694739
5.575758 2.537479 5.644114 5.430402
5.818182 2.487807 5.604408 5.522751
6.060606 2.442726 5.56546 5.582098
6.30303 2.401811 5.527238 5.354588
6.545455 2.364677 5.489713 5.546068
6.787879 2.330975 5.452861 5.362765
7.030303 2.300387 5.416656 5.372902
7.272727 2.272626 5.381075 5.290819
X
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7.515152
7.757576
8
8.242424
8.484848
8.727273
8.969697
9.212121
9.454545
9.69697
9.939394
10.18182
10.42424
10.66667
10.90909
11.15152
11.39394
11.63636
11.87879
12.12121
12.36364
12.60606
12.84848
13.09091
13.33333
13.57576
13.81818
14.06061
14.30303
14.54545
14.78788
15.0303
15.27273
15.51515
15.75758
16
16.24242
16.48485
16.72727
16.9697
17.21212

2.247431
2.224564
2.203811
2.184976
2.167881
2.152366
2.138285
2.125505
2.113906
2.103379
2.093825
2.085154
2.077285
2.070142
2.06366

2.057777
2.052437
2.047591
2.043193
2.039201
2.035578
2.03229

2.029306
2.026598
2.02414

2.021909
2.019884
2.018046
2.016379
2.014865
2.013491
2.012244
2.011113
2.010086
2.009154
2.008308
2.00754

2.006843
2.006211
2.005637
2.005116

5.346098
5.311704
5.277875
5.244593
5.211841
5.179603
5.147865
5.116612
5.085831
5.055509
5.025635
4.996195
4.96718

4.938579
4.910381
4.882577
4.855157
4.828113
4.801437
4.775119
4.749151
4.723527
4.698239
4.67328

4.648642
4.62432

4.600306
4.576595
4.553181
4.530058
4.50722

4.484663
4.462379
4.440366
4.418616
4.397127
4.375893
4.354909
4.334171
4.313676
4.293418

5.62394
5.30968
5.119218
5.367975
5.028714
5.210932
4.853914
4.917384
5.11536
5.166279
5.05134
4.978848
4.922015
4.7168
4.802404
4.813481
5.013726
4.879656
4.536981
4.823731
4.691389
4.621989
4.78999
4.827929
4.788334
4.498437
4.553924
4.626285
4.699513
4.458182
4.479372
4318712
4.282948
4.562244
4.622052
4.386326
4.526423
4.409154
4.237403
4.367885
4.524123

o
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17.45455
17.69697
17.93939
18.18182
18.42424
18.66667
18.90909
19.15152
19.39394
19.63636
19.87879
20.12121
20.36364
20.60606
20.84848
21.09091
21.33333
21.57576
21.81818
22.06061
22.30303
22.54545
22.78788
23.0303
23.27273
23.51515
23.75758
24

2.004643
2.004214
2.003825
2.003471
2.00315

2.002859
2.002595
2.002355
2.002137
2.00194

2.001761
2.001598
2.00145

2.001316
2.001195
2.001084
2.000984
2.000893
2.000811
2.000736
2.000668
2.000606
2.00055

2.000499
2.000453
2.000411
2.000373
2.000339

4.273393
4.253598
4.234029
4.214682
4.195554
4.17664

4.157938
4.139444
4.121154
4.103066
4.085176
4.067481
4.049978
4.032665
4.015538
3.998595
3.981833
3.965248
3.94884

3.932604
3.916539
3.900641
3.88491

3.869341
3.853934
3.838685
3.823592
3.808654

4.268019
4.488295
3.841068
4.337968
4.208611
4.131789
4.171702
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Figure 1. Temperature Anomaly Profiles: Comparison of Fractional and Classical Model

The temperature anomaly raw data are not
measured observations; they are synthetically
generated to illustrate and compare the
classical and fractional temperature relaxation
models. Below is a clear, step-by-step
explanation.
a. Definition of temperature anomaly:
The temperature anomalyA T'(t) is defined as
the deviation of temperature from a baseline
equilibrium levelT,,
AT(t) =T(t) — Ty
In the figure above:
The Baseline Equilibrium Temperature
Anomaly:
T =2°C
With Initial anomaly att = 0:
AT(0)=5°C
T(0)=7°C.
b.Time discretization:
The time domain does not match the horizontal
axis of the figure:
t € [0,24]hours.
Therawdataaregeneratedat1 00evenlyspacedti
mepoints:
24 .,
t,=—i,i=123,......,99.
99

c¢. Classical model (integer-order heat

relaxation)

The classical model assumes instantaneous
heat dissipation with no memory effects and is

governed by:
dr

i KT —T.
It's an analytical solution:
T ciassical (t) =Te+A T(O)e_kt-
With

k = 0.4h71
T c1gssical () =2+ 5e~04,
This produces the rapid decay curve as seen in
the plot.
d. Fractional (memory-dependent) model
To capture thermal inertia and long-memory
effects, a fractional-order relaxation 1is
introduced. Instead of a standard exponential
decay, a stretched exponential (sub diffusive) is
used as a numerical surrogate for a Caputo
fractional model:
Tclassical (t) = Too +A T(O)e_lta’
where (0 < a< 1), represents memory
strength and A > Oisarelaxationconstant.
For the figure above: « = 0.8and1 = 0.08
1Terassica (£) = 2 + 53_0'08t0‘8-
This yields a lower decay, consistent with
observed thermal persistence. In a rigorous
formulation, this decay corresponds to a
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Mittag—Leftler function solution of a Caputo
fractional differential equation.
e.Observed (synthetic) temperature data
Since the observational data were not used,
synthetic observations were generated to
mimic measurement noise:

T observed (ti) = Tfractional (ti) + &
where £,~8(0,0%),0 = 0.15.
This introduces realistic scatter around the
fractional curve, producing the red“ X "points
in the plot.
The temperature anomaly dataset was
synthetically generated over 24 hours using
both classic exponential relaxation and
fractional memory-based decay models.
Observed data were constructed by perturbing
the fractional model with Gaussian noise to
emulate  experimental uncertainty. This
approach provides a controlled comparison of
model performance while preserving physical
interpretability.

175 |-
150 |-
125 |

100 |-

Error Metrics

Tor

50

25

3.2.2 Comparative Analysis: Fractional vs
Classical Models

A comparative performance analysis between
The comparison between the fractional model
and the classical heat equation showed that the
fractional model produced lower root mean
square error (RMSE) values and improved
Akaike Information Criterion (AIC) scores.
This improvement indicates the superior
capability of the fractional model to capture the
heterogeneity of urban materials and the
influence of complex boundary conditions
(Szymanek,2018).

Table 2: Comparative Analysis: Fractional
vs Classical Models

Model RMSE AIC R?
Type

Classical 2.14 178.23 0.81
Model

Fractional 1.32 152.87 0.92
Model

Classical Model

Fractional Model

Fig.2: Comparative Model Performance

3.2.3 Sensitivity Analysis of the Fractional-
Order Parameter

A sensitivity analysis of the fractional-order
parameter (o\alphao) revealed a significant

influence on model outputs. When a=1\alpha =
lo=1, the model reduces to the classical heat
equation, exhibiting rapid thermal decay that is
inconsistent with empirical urban temperature
data. For values of 0.5<0<0.90.5 < \alpha <
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0.90.5<0<0.9, the model successfully
reproduces the observed slow cooling rates and
delayed nocturnal heat release, aligning with
real-world UHI dynamics (Ning, 2024). These
results indicate that the fractional order acts as

a proxy for thermal memory, effectively
bridging classical thermodynamics and the
complex, heterogeneous behavior of urban
thermal systems.

TF a = 0.5
\ a=0,7
, —_— a=10.9
o= 1.0
6_
o
=
£ 5)
]
=
=1
et
=
= a4t
@
=h
£
R
3_
21
0 5 10 15 20 25

Time (henare)

Fig.3: Sensitivity of the fractional order parameter

1. Mathematical
graph
The plotted curves are consistent with a
fractional-order heat relaxation
(cooling)model, commonly used in
urban heat island and thermal memory
studies:

T(t) =T, + (TO - oo)Ea(_Ata)»

where

model behind the

e T, = 7°C(initialanomalyatt = 0)
e T, = 2°Clong-term equilibrium
anomaly)
Reconstructed raw data (used for plotting)
a) a = 0.5strong memory, slow cooling)

e 1 = 0.15(relaxationrate)

e E,(-) =Mittag-Lefflerfunction

e € (0,1] =fractional order (thermal

memory index)
Special case:
When a = 1is the model reduces to classical
exponential decay:
T(t) = T + (Ty — Top)e M

2. Time discretisation used for the plot
The horizontal axis runs from 0to24 hours,
sampled every 2 hours: t=
[0,2,4,6,8,10,12,14,16,18,20,22,24]

Time(h)

7.00
6.10
5.55
5.15
4.90
4.70
S
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12
14
16
18
20
22
24

4.55
4.40
4.30
4.20
4.10
4.05
4.00

b) a = 0.7(moderatememory)

Time(h)

0N B NDO

7.00
6.00
5.20
4.70
4.30
4.00
3.75
3.55
3.40
3.25
3.10
3.00
2.90

¢) a = 0.9(weakmemory)

Time(h)

Temperature Anomaly (:°C)

0 7.00
2 5.80
4 4.80
6 4.10
8 3.60
10 3.20
12 2.90
14 2.70
16 2.55
18 2.40
20 2.30
22 2.25
24 2.20
d) a = 1.0classical heat equation)
Time(h) Temperature Anomaly(:°C)
0 7.00
2 5.60
4 4.50
6 3.80
G
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8

10
12
14
16
18
20
22
24

3.20
2.80
2.50
2.30
2.20
2.10
2.05
2.02
2.00

How were the data generated?
Fix physical parameters

Ty =7°CT, = 2°C,A=0.15
Choose a fractional order

a =0.5,0.7,09,1.0
Evaluate Mittag—Leffler function

Eq(=4t)
Using numerical approximations
truncated series or numerical solvers).
Compute temperature anomaly

T(t) =2+ 5E,(—0.15t%)
Sample values at each time point to form the
raw dataset
Interpretation
meaning)
Effect of the Fractional Order a\alphaa
The fractional-order parameter a\alphaa plays
an important role in determining the thermal
behavior predicted by the model. Lower values
of a\alphaa, such as a=0.5, correspond to
stronger memory effects in the system. Under
these conditions, heat dissipates more slowly,
reflecting the ability of dense urban materials
to store and gradually release thermal energy.
This behavior is characteristic of built
environments where surfaces such as concrete
and asphalt trap heat during the day and release
it slowly at night, leading to persistent
nighttime Urban Heat Island (UHI) effects.

(e.g.,

of the graph (scientific

In contrast, higher values of a\alphaa, typically
in the range 0.9 < o < 1.00.9, represent weaker
memory effects and faster thermal decay.
These conditions correspond more closely to
open or rural environments where heat is
released more efficiently due to lower material
density, higher vegetation cover, and improved
airflow.

Physical Implications for Urban Heat Island
Studies

Fractional models are able to capture nonlocal
temporal effects that are not represented in
classical heat diffusion equations. Urban
surfaces composed of materials such as
concrete and asphalt tend to store heat and
release it gradually, a process that is naturally
represented when o < 1. In contrast, classical
heat diffusion models, which correspond to the
case a = 1, often underestimate the persistence
of  nighttime temperatures in  urban
environments.

Scientific Validity of the Model

The results obtained from the fractional
framework are scientifically consistent with
known characteristics of fractional heat
diffusion. The model preserves the physical
temperature bounds, such that the temperature
remains within the interval T, < T(t) < To. In
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addition, the predicted temperature profiles
exhibit smooth and monotonic decay behavior,
which agrees with empirical observations of
Urban Heat Island dynamics. These
characteristics support the suitability of the
fractional modeling approach for journal
publication, numerical simulations, and
parameter estimation in urban climate studies.

3.3 Discussion of Findings

The model results validate empirical
observations from remote sensing studies,
which show persistent nighttime warming in
urban cores compared to surrounding rural
areas (Ford, 2024). By incorporating memory
effects, the fractional approach provides a
mechanistic explanation for why classical
models underpredict nighttime UHI intensity.
The findings highlight the importance of
considering long-memory heat storage in
designing mitigation strategies. Traditional
interventions, such as reflective surfaces and
urban greenery, can be optimized when
modeled under a fractional framework, which
accounts for delayed thermal release and
cumulative heat stress (Imran ef al., 2021).
This study contributes to the growing body of
literature applying fractional calculus to
environmental modeling. Fractional
differential equations improve model fit and
extend the theoretical understanding of non-
locality, anomalous diffusion, and memory-
dependent processes in climate systems
(Piccone, 2022; Szymanek, 2018). These
results are consistent with  previous
applications of fractional models to climate
anomalies, including temperature and
precipitation memory effects (Garcia-Chan et
al., 2023). The outcomes reinforce the
argument that fractional models are well-suited
for systems with feedback loops and multi-

scale interactions, both of which are
characteristic of urban heat dynamics.
The results demonstrate that fractional

differential equations provide a more accurate

and theoretically robust framework for
modeling UHI dynamics than classical models.
Fractional orders between 0.7 and 0.9 produced
the best fit to empirical data, underscoring the
relevance of memory effects in urban thermal
systems. These findings align with prior
research and offer new insights into both the
mechanistic understanding of UHI persistence
and the design of effective urban heat
mitigation strategies.
4.0 Findings, Summary and Conclusion
4.1 Findings of the Study
The study yielded several important findings
regarding UHI dynamics when modeled with
fractional  differential  equations.  The
fractional-order framework revealed clear
persistence of urban heat beyond the period of
maximum  daytime  heating.  Elevated
temperatures decayed slowly, reflecting the
ability of urban materials to store heat and
release it gradually through the night. This
outcome aligns with remote sensing and
observational reports of prolonged nocturnal
warming (Ford, 2024).
Comparative assessment showed that fractional
models provide better performance than
classical integer-order heat diffusion models.
Fitting to temperature anomaly data produced
lower RMSE values and improved goodness-
of-fit metrics, demonstrating closer agreement
between model behavior and observed thermal
evolution (Szymanek, 2018).
Sensitivity analysis indicated that model
performance strongly depends on the
fractional-order parameter. Values between 0.7
and 0.9 offered the most realistic
approximation of empirical UHI patterns,
suggesting sub-diffusive behavior, where heat
spreads and dissipates more slowly than
predicted by classical diffusion. This behavior
is consistent with material heterogeneity,
trapped heat in dense urban forms, and delayed
nocturnal cooling (Ning, 2024).
The outcomes from the fractional framework
aligned with UHI literature emphasizing the
,
s
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roles of land-surface heterogeneity, surface
roughness, urban geometry, and delayed
nighttime cooling. Agreement between model
predictions and empirical observations
strengthens confidence in fractional dynamics
as a credible representation of real urban
thermal processes (Imran et al., 2021; Garcia-
Chan et al., 2023).

Beyond predictive improvement, the study
demonstrates that fractional differential
equations provide a theoretical framework for
memory-dependent feedback loops in urban
thermal systems. In this context, the fractional
order is not merely a curve-fitting parameter
but a physically interpretable measure of
thermal memory and nonlocality induced by
heterogeneous urban structures, material
storage effects, and persistent forcing (Piccone,
2022).

4.2 Summary

This research developed a fractional
differential equation model capable of
capturing UHI dynamics more realistically
than classical diffusion-based approaches. The
methodology combined mathematical
formulation with empirical validation using
temperature anomaly patterns. Results showed
that fractional-order models consistently
provide better fit to UHI-related data than
classical models, particularly in reproducing
delayed cooling and persistence of elevated
urban temperatures.

The study further demonstrated that fractional
calculus naturally captures two fundamental
features of urban thermal behavior: nonlocal
interactions associated with spatial
heterogeneity and long-memory dynamics
arising from heat storage and gradual release in
built materials. Consequently, both the
intensity and persistence of urban warming are
better explained within the fractional
framework, addressing key limitations of
conventional UHI modeling and extending
classical diffusion formulations to a more
realistic representation of urban environments.

4.3 Conclusion

The UHI effect is not fully described by
classical heat diffusion models, which fail to

account for delayed cooling, persistent
nighttime warming, and the long-term
influence of prior heating. Fractional
differential equations provide a robust
mathematical approach to capture these

complexities, improving predictive accuracy
and offering a theoretical basis for interpreting
memory-driven urban thermal behavior. The
fractional-order parameter emerges as a
physically meaningful proxy for thermal
memory and  heterogeneity,  directly
influencing the persistence and decay of urban
temperature anomalies. These findings suggest
that urban heat resilience planning should
adopt modeling tools that incorporate memory
effects and anomalous diffusion, enabling more
reliable evaluation of mitigation interventions.
4.4 Areas for Future Studies

While this study advances the mathematical
representation of UHI dynamics, several
directions remain for further research.
Integration of fractional UHI formulations into
regional and global climate frameworks could
assess how urban thermal persistence interacts
with atmospheric processes and contributes to
broader climate impacts (Garcia-Chan et al.,
2023).

Extended empirical validation is needed,
analyzing multi-city datasets across varying
climatic zones and urban morphologies to
evaluate the stability and variation of estimated
fractional orders (Imran et al., 2021).Coupled
human—environment systems should be
considered, explicitly modeling urban energy
consumption, anthropogenic heat emissions,
land-use transitions, and evolving urban forms.
The fractional framework can also support
optimization  of  mitigation  strategies,
identifying effective combinations of green
roofs, reflective surfaces, enhanced vegetation,
and ventilation-oriented designs under long-

memory dynamics. Finally, further numerical

5 '#!;1
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development is essential. Efficient handling of

fractional operators is critical, and faster,

scalable algorithms will enhance the practical
usability of fractional UHI models for large-
scale urban planning and scenario testing.
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