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Abstract: The structural parameters of carbon 

nanotubes significantly influence thermal 

transport properties. In this study, the thermal 

behaviour of a semiconducting zig-zag single-

walled (7,0) carbon nanotube was 

investigated using the Nikiforov–Uvarov (NU) 

analytical approach. Thermal conductivity 

was evaluated as a function of temperature, 

nanotube length, and diameter. The results 

showed that thermal conductivity increased 

from [κ₁ W m⁻¹ K⁻¹] at [T₁ K] to a maximum 

value of [κ₂ W m⁻¹ K⁻¹] at approximately [Tₛ 

K], after which it gradually decreased due to 

enhanced phonon scattering effects. 

Increasing the nanotube length from [L₁ nm] 

to [L₂ nm] resulted in a corresponding rise in 

thermal conductivity from [κ₃] to [κ₄ W m⁻¹ 

K⁻¹], indicating improved phonon transport 

along longer tubes. Conversely, increasing the 

nanotube diameter from [D₁ nm] to [D₂ nm] 

reduced thermal conductivity by 

approximately [X%], attributed to increased 

phonon–boundary scattering. The observed 

thermal transport behavior is governed by the 

transition between ballistic phonon motion at 

lower dimensions and scattering-dominated 

transport at higher temperatures and larger 

diameters. These findings provide quantitative 

insight into structure-dependent thermal 

performance of semiconducting carbon 

nanotubes for nanoscale thermal management 

applications. 
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1.0 Introduction 
 

Carbon nanotubes (CNTs) have attracted 

significant research interest as potential 

alternatives to silicon-based transistors, whose 

performance is increasingly limited by power 

consumption, heat dissipation, and current 

leakage associated with device 

miniaturization. 

 (Anjum, 2008; Novoselov et al, 2004). 

Mechanically, CNTs are among the strongest 

known materials and exhibit exceptionally 

high elastic modulus. 

Their nanoscale dimensions and large surface 

area enable the attachment and assembly of 

nanoparticles on their surfaces. Consequently, 

their electrical, magnetic, and physical 

properties can be tuned through 

functionalization of either the internal cavities 

or external surfaces with inorganic 

nanoparticles (NPs) (Ado et al, 2008; Kim & 

Rina, 2011).  

Efficient thermal transport is essential for the 

optimal performance and reliability of micro- 

and nano-electromechanical systems.  Also, 

through the use of thermoelectric (TE) 

material and thermal interface materials 

(TIMs), processes are being developed to 

recover waste heat/conserve energy and 

ensure improved energy efficiency through an 

adequate thermal management system. 

However, this range of materials developed 

have their shortcomings in terms of their 

mechanical and thermal properties or too 

expensive and toxic to be used commercially. 

The exceptionally high thermal conductivity 

of carbon nanotubes, reported to reach values 

as high as 6000 W m⁻¹ K⁻¹, makes them 

promising candidates for thermal interface 

materials used in heat management 

applications  (Jianwei et al, 2000; Raihana & 

Abdul, 2019; Bogumila and David, 2019).   
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The mechanism of thermal transport in 

semiconducting zig-zag CNTs is mainly 

through phonons. Understanding phonon-

mediated heat transport is therefore essential 

for predicting thermal behavior in 

semiconducting CNTs structures.  Thermal 

transport through electrons is minimal because 

of the existence of a bandgap in the CNTs 

(Jin-Wu et al, 2010). The phonons can move 

with high velocity through a long path with 

little or no scattering because of the sp2 

hybridized c-c bonds and the low defect 

density. This phenomenon accounts for the 

high thermal conductivity of carbon 

nanotubes. Phonon transport corresponds to 

quantized lattice vibrations propagating along 

the carbon framework.  The various 

vibrational modes that participate in thermal 

transport are the longitudinal acoustic (LA) 

mode, which is noticeable along the tubular 

axis, and the transverse acoustic (TA) mode, 

which is observed perpendicular to the tube 

axis. The others are the twisting acoustic 

(TW) mode; the vibrations are rotational along 

the tube axis, the radial breathing mode 

(RBM) and optical phonon modes. The 

longitudinal acoustic phonon mode is the 

outstanding one that contributes the most in 

thermal transport (Jungkyu, 2023). 

Carbon nanotubes are cylindrical 

nanostructures formed by rolling graphene 

sheets into seamless tubes and are classified 

into single-walled carbon nanotubes 

(SWCNTs) and multi-walled carbon 

nanotubes (MWCNTs) (Hossein et al, 2020). 

Single-walled carbon nanotubes can be 

regarded as metallic or semiconducting in 

behavior based on their stacking or 

arrangement of the carbon atoms or their 

structural features and chirality (Phaedon et al, 

2003; Francis, 2023).  

Carbon nanotubes continue to receive 

extensive research attention due to their 

exceptional tensile strength, superior electrical 

properties, and remarkably high thermal 

conductivity which are unparalleled when 

compared with other conventional materials. 

(Sonia & Nazmul, 2018). Thus, making them 

find usefulness in the field of electronics/opto-

electronics nanotechnology, energy and 

material science.  

Although the thermal properties of both bulk 

and individual carbon nanotubes can be 

affected by some factors, which include the 

chirality, the tube length and diameters, the 

porosity, especially for the bulk CNTs arrays 

and defects (Qiang & Yonghua, 2014). 

Despite extensive experimental and theoretical 

investigations into thermal transport in carbon 

nanotubes, many existing studies rely 

primarily on numerical simulations or 

empirical models. Analytical treatments 

capable of explicitly linking quantum 

mechanical energy states to thermodynamic 

transport properties remain limited, 

particularly for specific chiral semiconducting 

nanotubes such as the zig-zag (7,0) 

configuration under external field effects. 

Consequently, a rigorous analytical 

framework for evaluating thermal 

conductivity in such systems is still lacking. 

Therefore, this study aims to analytically 

investigate the thermal conductivity behavior 

of a semiconducting zig-zag single-walled 

(7,0) carbon nanotube using the Nikiforov–

Uvarov (NU) method. 

The significance of this study lies in providing 

an analytical framework that connects 

quantum mechanical energy solutions with 

macroscopic thermal transport behavior, 

thereby contributing to improved theoretical 

understanding and potential design 

optimization of nanoscale thermal 

management materials. 

In the quest to search for a material whose 

device applications can be miniaturized and as 

well perform optimally as an interconnect in 

integrated electronics, it becomes imperative 

to study the thermal conductivity behavior of 

zig-zag single-walled (7,0) carbon nanotube 

with Nikiforov-Uvarov (NU) method. Zig-zag 

single-walled (7,0) carbon nanotube is a 
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semiconductor based on the chirality rule of 

𝑛 − 𝑚 ≠ 3𝑘 where k is an integer and n is not 

a multiple of 3 (Jian-Min et al, 2010). It has a 

lattice (unit-cell length) and diameter of 

approximately 0.426nm and 0.55nm 

respectively (Saito et al, 1998). The carbon 

atoms per unit cell is 28 atoms (Yusuke et al, 

2020). As reported by Takashi and Susumu, 

(2004), the geometry-optimized local density 

approximation band gap value is 

approximately 0.2eV. In this work, the 

Schrödinger wave equation incorporating the 

Deng–Fan–Hulthén potential, magnetic field 

effects, and Aharonov–Bohm (AB) flux is 

solved analytically using the Nikiforov–

Uvarov method to obtain the energy 

eigenvalue spectrum and corresponding wave 

functions. 

With the energy equation, the partition 

function is calculated, and thereafter, the 

thermodynamic property of thermal 

conductivity is evaluated with the Maple 

software. 

This paper is organized as follows; in section 

2, the Hamiltonian of a charged particle 

interacting with magnetic field 𝐵  and 

Ahanorov-Bohm (AB) flux where the 

Schrödinger wave equation is solved with 

Nikiforov-Uvarov (NU) method analytically is 

considered. The calculation of the partition 

function used to evaluate the thermodynamic 

property of conductivity is done in section 3. 

The results and discussion are done in section 

4. The conclusion is done in the last section 

followed by the references. 

2.0 Theoretical Model and Mathematical 

Formulation 
 

In a cylindrical coordinate system, the 

quantum Hamiltonian describing a charged 

particle confined in a Deng–Fan–Hulthén 

potential under the combined influence of an 

external magnetic field  𝐵  and Ahanorov-

Bohm (AB) flux as shown in equation (1): 

1

2𝜇
(𝑖ћ∇⃗⃗  −

𝑞

𝑐
)2  + 𝐷𝑒 (1 − 

𝜂

(𝑒ϑ𝑟−1)
)
2

−

𝑉𝑜𝑒ϑ𝑟

(1−  𝑒−ϑ𝑟)
 = 𝐸(𝑛,𝑚)𝜓(𝜌,𝜑,𝑧)  (1) 

where 𝜂 = 𝑒ϑ𝑟𝑒  -1, 𝐷𝑒  represents the 

dissociation energy, 𝑟𝑒  stands for the 

molecular bond length, r is the internuclear 

distance, 𝜂,  is the range of the potential well 

and 𝑉𝑜 stands for the potential strength (Otete, 

2026).                                                                              

The parameter, 𝜇 represents the effective mass 

for the CNT, single-walled carbon nanotube.  

𝐴  = 𝐴 1+ 𝐴 2 is the vector potential with a 

combination of 𝐴 1 and 𝐴 2. The Coulomb 

gauge is taken to be ∇× 𝐴 1 =𝐵⃗  and ∇× 𝐴 2 =0. 

𝐵⃗  is the applied magnetic field along the z-

direction. The magnetic flux Ф𝐴𝐵 is created by 

the solenoid. Therefore, in the cylindrical 

coordinate system, the vector potential with 

the azimuthal components is written as (Otete, 

2026

  𝐴 1 =
𝐵⃗ 𝑒−ϑ𝑟

(1−𝑒−ϑ𝑟)
 , 𝐴 2 =

Ф𝐴𝐵

2𝜋𝑟
 Ф̂. So, 𝐴  = (0,

𝐵⃗ 𝑒−ϑ𝑟

(1−𝑒−ϑ𝑟)
+

Ф𝐴𝐵

2𝜋𝑟
 , 0)             (2) 

The qualitative behavior of the Deng–Fan–Hulthén potential used in this study is illustrated in 

Fig. 1. 

                                   

In the cylindrical coordinates our wave function is taken as: 

𝜓(𝑟,𝜑)=
1

√2𝜋
𝑒𝑖𝑚𝜑  𝑈𝑛𝑚 ,(𝑟) 𝑚 = 0,±1,±2…                                                                                (3)            

 where 𝑚 represents the magnetic quantum number. By inserting our potential, vector potential 

and the wave function into Eq. (1), a second order differential equation of the form will be 

obtained: 
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𝑑2𝑈𝑛𝑚(𝑟)

𝑑𝑟2 +
2𝜇

ћ2 [ 𝐸 − 𝐷𝑒(1 −
𝜂

(𝑒ϑ𝑟−1)
) 2+

𝑉𝑜𝑒−ϑ𝑟

(1−𝑒−ϑ𝑟)
−

2ћ𝑚𝑒𝜗𝐵⃗ 𝑒−ϑ𝑟

𝑐(1−𝑒−ϑ𝑟)
−

𝑒2𝐵⃗ 𝑒−2ϑ𝑟

𝑐2(1−𝑒−ϑ𝑟)2
−

𝑒2𝐵⃗ Ф𝐴𝐵𝑒−ϑ𝑟

𝑐2(1−𝑒−ϑ𝑟)22𝜋𝑟
−

((𝑚+𝜉)−
1

4
)

𝑟2 ]𝑈𝑛𝑚(𝑟) = 0             (4) 

Since the resulting equation contains both exponential and centrifugal terms, the improved 

Greene–Aldrich approximation is employed to treat the centrifugal term as equation 5 

 (Otete, 2026). 
1

𝑟2  ≈ ϑ2[𝑑𝑜 +
𝑒−ϑ𝑟

(1−𝑒−𝜗𝑟)
2]           (5)               

 By inserting Eq. (5) into Eq. (4) we have 

𝑑2𝑈𝑛𝑚(𝑟)

𝑑𝑟2
 +[

2𝜇𝐸

ћ2
−

2𝜇𝐷𝑒

ћ2
+

4𝜇𝐷𝑒𝜂𝑒−ϑ𝑟

ћ2(1−𝑒−ϑ𝑟)

2𝐷𝑒𝜂
2𝑒−2ϑ𝑟

ћ2(1−𝑒−ϑ𝑟)2
+

2𝑉𝑜𝑒−ϑ𝑟

ћ2(1−𝑒−ϑ𝑟)
−

2𝑚րϑ𝐵⃗ 𝑒−ϑ𝑟

ћ2(1−𝑒−ϑ𝑟)2
−

ր2𝐵2⃗⃗ ⃗⃗  ⃗𝑒−2ϑ𝑟

ћ2(1−𝑒−ϑ𝑟)2
−

ր2ϑ𝐵⃗ Ф𝐴𝐵𝑒−ϑ𝑟

ћ2(1−𝑒−ϑ𝑟)2𝜋
− ((𝑚 + 𝜉) −

1

4
)ϑ2(𝑑𝑜 +

𝑒−ϑ𝑟

(1−𝑒−ϑ𝑟)2
) ] 𝑈𝑛𝑚(𝑟) = 0                                                                            

(6) 

where  ր =
𝑒

𝑐
 , Ф𝑜 =

ћ𝑐

𝑒
 , 𝜉 =

Ф𝐴𝐵

Ф𝑜
 and 𝜂 = 𝑒ϑ𝑟 − 1 , c is the speed of light. 

To simplify the analytical solution using the Nikiforov–Uvarov method, the coordinate 

transformation of equation (7) is done. 

ʂ = 𝑒−ϑ𝑟                                                                                                                                        (7)           

Differentiation with respect to the transformed variable yields: 
𝑑2

𝑑ʂ2
=

𝜗2ʂ2𝑑2

𝑑ʂ2
+

𝜗2ʂ𝑑

𝑑ʂ
                                                                                                                        (8)             

Substituting Eq. (8) into Eq. (6) and dividing through by ƛ2ȥ2 the result will be: 
𝑑2𝑈𝑛𝑚

𝑑ȥ2
+

1

ȥ

𝑑𝑈𝑛𝑚

𝑑ȥ
+

1

ȥ2
[
2𝜇𝐸

ћ2ϑ2 −
2𝜇𝐷𝑒

ћ2ϑ2 +
4𝜇𝐷𝑒𝜂ȥ

ћ2ϑ2(1−ȥ)
−

2𝜇𝐷𝑒𝜂
2ȥ2

ћ2ϑ2(1−ȥ)2
+

2𝜇𝑉𝑜ȥ

ћ2ϑ2(1−ȥ)
−

2𝑚𝜂𝐵⃗ ȥ

ћϑ(1−ȥ)2
−

ր2𝐵⃗ 2ȥ2

ћ2ϑ(1−ȥ)2
−

ր2𝐵⃗ Ф𝐴𝐵ȥ

ћ2ϑ(−ȥ)2𝜋
− ((𝑚 + 𝜁)2 −

1

4
) (𝑑𝑜 +

ȥ

(1−ȥ)2
)]𝑈𝑛𝑚(𝑟) = 0                                                              (9)  

For mathematical convenience and compact representation, the following dimensionless 

parameters are introduced: 

 

−𝜀 =
2𝜇(𝐸𝑛𝑚−𝐷𝑒)

ћ2ϑ2  , ϒ1 =
4𝜇𝐷𝑒ŋ

ћ2ϑ2 ,  ϒ2 =
2𝜇𝐷𝑒ŋ

2

ћ2ϑ2  , ϐ =
2𝜇𝑉𝑜

ћ2ϑ2 , 𝜘 =
2𝑚𝜂𝐵⃗ 

ћϑ
, Ӽ1 =

ր2𝐵⃗ 2

ћ2ϑ2 ,  Ӽ2 =
ր2𝐵⃗ Ф𝐴𝐵

ћ2ϑ2𝜋
, 𝛥 =

((𝑚 + 𝜉)2 −
1

4
)                                                                                                                   (10)  

Equation (9) can be rewritten with respect to these dimensionless symbols as: 
𝑑2𝑈𝑛𝑚

𝑑ȥ2
+

(1−ȥ)

ȥ(1−ȥ)

𝑑𝑈𝑛𝑚

𝑑ȥ
+

1

ȥ2(1−ȥ)2
[−𝜀(1 − ȥ)2 + ϒ1(1 − ȥ)ȥ − ϒ2(ȥ

2) + ϐ(1 − ȥ)ȥ − 𝜘(ȥ) −

Ӽ1(ȥ
2) − Ӽ2(1 − ȥ)ȥ − 𝛥𝑑𝑜(1 − ȥ)2 − 𝛥(ȥ)] 𝑈𝑛𝑚 = 0                             (11) 

Equation (12) is now compared with the standard parametric form of the Nikiforov–Uvarov 

(NU) differential equation given by (Otete & Eleje, 2023): 
𝑑2𝑈𝑛𝑚

𝑑ȥ2
+

(1−ȥ)

ȥ(1−ȥ)

𝑑𝑈𝑛𝑚

𝑑ȥ
+

1

ȥ2(1−ȥ)2
[−(𝜀 + ϒ1 + ϒ2 + ϐ + Ӽ1 − Ӽ2 + 𝛥𝑑𝑜)ȥ

2 + (2𝜀 + ϒ1 + ϐ − 𝜘 −

Ӽ2 + 2𝛥𝑑𝑜 − 𝛥)ȥ − (𝜀 + 𝛥𝑑𝑜)] 𝑈𝑛𝑚 = 0                                                                             (12)   

Equation (12) is compared with the parametric form of the NU of Eq. (13) is written as (Otete & 

Eleje, 2023) :  

𝑈(ȥ)
′′ +

ϻ1−ϻ2ȥ

ȥ(1−ϻ3ȥ)
𝑈(ȥ)

′ + [
−𝜁1ȥ

2+𝜁2ȥ−𝜁3

ȥ2(1−ϻ3ȥ)²
] 𝑅(ȥ) = 0                                                                          (13) 

The energy eigen values equation according to the NU is written as (Otete & Ejere, 2025): 
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ϻ2n-(2n+1)ϻ5+ (2n+1) [√ϻ9 + ϻ3√ϻ8] +n (n-1)ϻ3+ϻ7+2ϻ3ϻ8+2√ϻ8ϻ9 = 0               (14) 

The corresponding normalized radial wavefunction is expressed as: 

𝑈𝑛𝑚(ȥ) = ȥϻ12(1 – ϻ3ȥ)
−ϻ12− ϻ13/ϻ3 𝑝𝑛

ϻ10−1,(
ϻ11
ϻ3

)−(ϻ10−1)
(1 − 2ϻ3ȥ)                                           

(15)                                      

where the following parameters are written as 

ϻ4 =
1

2
(1 − ϻ1)                                                                                                    (16)                       

ϻ5 =
1

2
(ϻ2 − 2ϻ3)                                                                                                 (17)                    

ϻ6 = ϻ5 + 𝜁1                                                                                                               (18)           

ϻ7 = 2ϻ4ϻ5 − 𝜁2                                                                                                                           

(19) 

ϻ8 = ϻ²4 + 𝜁3                                                                                                                              (20) 

ϻ9 = ϻ3ϻ7 + ϻ²3ϻ8 + ϻ6                                                                                                               

(21) 

ϻ10 = ϻ1 + 2ϻ4 +  2√ϻ8
                                                                                                                                                                        

(22) 

ϻ11 = ϻ2 − 2ϻ5 +  2(√ϻ9 + ϻ3√ϻ8)                                                                                          

(23)    

ϻ12 = ϻ4 + √ϻ8                                                                                                  (24)               

ϻ13 = ϻ5 − (√ϻ9 + ϻ3√ϻ8)                                                                                                       

(25) 

Upon comparing equation 12 with the parametric form of the NU of Eq. (13) the corresponding 

parameters are identified as: 

ϻ1= ϻ2= ϻ3= 1                                                                                                                            (26)  
 𝜁1 = 𝜀 + ϒ1 + ϒ2 + ϐ + Ӽ1 − Ӽ2 + 𝛥𝑑𝑜                                                                                    (27) 

𝜁2 =  2𝜀 + ϒ1 + ϐ − 𝜘 − Ӽ2 + 2𝛥𝑑𝑜 − 𝛥                                                                                    

(28) 

 𝜁3 = 𝜀 + 𝛥𝑑𝑜                                                                                                (29) 

From Eqs. (16-21) we obtain 

ϻ4 =
1

2
(1 − ϻ1) = 0, ϻ5 =

1

2
(ϻ2 − 2ϻ3)=   −

1

2
,ϻ6 = ϻ5

2 + 𝜁1 =
1

4
+ 𝜀 + ϒ1 + ϒ2 + ϐ + Ӽ1 − Ӽ2 +

𝛥𝑑𝑜                                                                                                                                                

(30) 

ϻ7 = 2ϻ4ϻ5 − 𝜁2  = −(2𝜀 + ϻ1 + ϐ − 𝜘 − Ӽ2 + 2𝛥𝑑𝑜 − 𝛥)                                                        

(31) 

 ϻ8 = ϻ4
2 + 𝜁3=𝜀 + 𝛥𝑑𝑜                                                                                                               (32)          

ϻ9 = ϻ3ϻ7 + ϻ3
2ϻ8 + ϻ6=

1

4
+ 𝜘 + 𝛥 + Ӽ1 + ϒ2              (33)  

Recall that in Eq. (10), −𝜀 =
2𝜇(𝐸𝑛𝑚−𝐷𝑒)

ћ2𝜗2                                                                                       

(34) 

So, substituting Eqs. (30-33) into Eq. (14) and after straightforward algebraic simplification, 

 the energy eigenvalue equation of the Deng-Fan-Hulthen potential is obtained as: 

𝐸𝑛𝑚 = −
ћ2ϑ2

2𝜇
[(

(𝛼−𝜆)

2(𝛾+√𝛼)
−

(𝛾+√𝛼)

2
)
2

− 𝛥𝑑𝑜 + 𝐷𝑒]                                                                      (35)   
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Where 

 𝛼 =
1

4
+ 𝜘 + 𝛥 + Ӽ1 + ϒ2, 𝜆 = −ϒ1 − ϐ + 𝜘 + Ӽ2 + 𝛥, 𝛾 = 𝑛 +

1

2
                             (36) 

Thus, Eq. (36) can be re-written in terms of the dimensionless symbols of Eq. (10) as: 

𝛼 =
 1

4
+

2𝑚𝜂𝐵⃗ 

ћϑ
+ (𝑚 + 𝜁)2 −

1

4
+

ր2𝐵⃗ 2

ћ2ϑ2 +
2𝜇𝐷𝑒ŋ

2

ћ2ϑ2                                                                   (37)    

𝜆 = −
4𝜇𝐷𝑒ŋ

ћ2ϑ2 −
2𝜇𝑉𝑜

ћ2ϑ2 +
2𝑚𝜂𝐵⃗ 

ћϑ
+

ր2𝐵⃗ Ф𝐴𝐵

ћ2ϑ𝜋
+ (𝑚 + 𝜁)2 −

1

4
                                                                   

(38)   

From Eqs. (22-25) we determine 

ϻ10 = ϻ1 + 2ϻ4 + 2√ϻ8 = 1 + 2√𝜀 + 𝛥𝑑0                                                                  (39)    

ϻ11 = ϻ2 − 2ϻ5 + 2(√ϻ9 + ϻ3ϻ8 = 2 + 2(√
1

4
+ 𝜘 + 𝛥 + Ӽ1 + ϒ2 + 𝜀 + 𝛥𝑑0)      (40) 

ϻ12 = ϻ4 + √ϻ8 = √𝜀 + 𝛥𝑑0                                                                                                    (41)         

ϻ13 =  ϻ5 − (√ϻ9 + ϻ3√ϻ8) = −
1

2
− (√

1

4
+ 𝜘 + 𝛥 + Ӽ1 + ϒ2 + √𝜀 + 𝛥𝑑0)                 (42) 

Substituting Eqs. (39-42) into Eq. (15) the wave function written in Eq. (43) is obtained. 

𝑈𝑛𝑚(ȥ) = ȥ√𝜀+𝛥𝑑0(1 − ȥ)
1

2
+√

1

4
+𝜘+𝛥+Ӽ1+ϒ2

𝑃𝑛

2√𝜀+𝛥𝑑0  ,2√
1

4
+𝜘+𝛥+Ӽ1+ϒ2  

(1 − 2ȥ)             (43)  
 

3.0 The Partition Function and the Thermodynamic Properties of Carbon Nanotube 
 

Thermal conductivity is one aspect of the thermodynamic properties of nanotube that can be 

determined. For this property to be calculated the partition function which is temperature 

dependent, is first evaluated.  At a given temperature, when a direct summation is performed 

over all possible energy levels, the partition function can be obtained. The partition function is 

written as (Otete et al, 2024): 

𝑍(𝛽) = ∑ 𝑒−𝛽𝐸𝑛,𝑚

𝑣𝑚𝑎𝑥

𝑛

 

                                                                                                                                                    (44)                                                                                                                                                

where 𝛽 = (𝐾𝑇)−1 with 𝐾 as the Boltzmann constant, 𝑇, the temperature  𝐸𝑛𝑚 is the energy of 

the 𝑛𝑡ℎ bound state where 𝑛 = 0, 1, 2, 3… , 𝑣𝑚𝑎𝑥 .  
The energy eigenvalue of equation (35) can be rewritten as: 

𝐸𝑛𝑚 = −ћ2ϑ2 (
𝑁1−(𝑛+𝛼)2

2(𝑛+𝛼)
)
2

+ 𝑁2                                                                                    (45) 

Where  

𝐾1 =
 1

4
+

2𝑚𝜂𝐵⃗ 

ћϑ
+ (𝑚 + 𝜁)2 −

1

4
+

ր2𝐵⃗ 2

ћ2ϑ2
+

2𝜇𝐷𝑒ŋ
2

ћ2ϑ2
+

4𝜇𝐷𝑒ŋ

ћ2ϑ2
−

2𝜇𝑉𝑜

ћ2ϑ2
+

2𝑚𝜂𝐵⃗ 

ћϑ
+

ր2𝐵⃗ Ф𝐴𝐵

ћ2ϑ𝜋
+ (𝑚 + 𝜁)2 −

1

4
                                                                                                                                                   (46)                                               

𝐾2 = ((𝑚 + 𝜉)2 −
1

4
   ) 𝑑𝑜 (

ћ𝟐ƛ𝟐

𝟐𝝁
) + 𝐷𝑒                                                                                      (47) 

Therefore, equation (44) can be recast as: 

𝑍(𝛽) =

∑ 𝑒
−𝛽[−

ћ2ϑ2

2𝜇
(
𝑁1−(𝑛+𝛼)2

2(𝑛+𝛼)
)
2

+𝐾2  ]𝑣𝑚𝑎𝑥
𝑛                                                                                                              (48)                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                         

In the classical limit, the summation of equation (48) is replaced by an integral therefore we have 
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𝑍(𝛽) = ∫ 𝑒
(𝑃𝑙2𝛽+

𝐺𝛽

𝑙2
+𝑀𝛽)

𝑑𝑙,
𝜐

0
𝑙 = 𝑛 + 𝛼                                                                                       (49) 

Where 

𝑃 =
ћ2ϑ2

8𝜇
, 𝐺 = −

ћ2ϑ2𝐾1
2

8𝜇
, 𝑀 = −(

ћ2ϑ2𝑁1

4𝜇
+ 𝐾2)                                                                             

(50) 

The Maple software is used to evaluate equation (49) to obtain the partition function of the 

system as 

1

2
𝑒𝑃.𝛽.𝑙2+𝑀.𝛽√𝐺.𝛽  (

2.𝑣.𝑒
𝐺.𝛽

𝑣2

√𝐺.𝛽
−

2√𝐺.𝛽  √𝜋   𝑒𝑟𝑓𝑖 (
𝐺.𝛽

𝑣
)

√𝐺.𝛽
− 2√𝜋)                              (51)                                                                                   

                                                                   

Where erfi(k) denotes the imaginary error function (Edet et al, 2020) define as 

erfi(𝑘) = 𝑖𝑒𝑟𝑓(𝑘) =
2

√𝜋
∫ 𝑒𝑡2

𝑑𝑡
𝑘

0
                                                                           (52) 

In Maple software, this error function is used for various numerical calculations. 

With the partition function of the system known, the thermal conductivity 𝐾, which is a function 

of heat capacity, phonon group velocity and the free mean path can be. The thermal conductivity 

of CNTs can be written as (Michael & Jang-Yu, 2009): 

𝐾 =
1

3
𝜌𝑐𝑣2𝜏𝑠                                                                                                                               (53) 

Here, 𝑐, 𝑣, and 𝜏stands for specific heat per unit volume, group velocity and relaxation time or 

free mean path of a given phonon state, respectively (Bounphanh, 2011). The specific heat 

capacity is given by the relation (Khordad & Rastegar, 2017): 

Specific heat 𝐶𝑣= 
𝜕𝑈

𝜕𝑇
 = 𝑘𝐵𝛽2 𝜕2𝑙𝑛𝑍

𝜕𝛽2               (54)                                                                                                                   

So, the thermal conductivity can be writen as: 

Thermal conductivity  

𝐾 =
1

3
𝜌𝑣2𝜏𝑠𝑘𝐵𝛽2 𝜕2𝑙𝑛𝑍

𝜕𝛽2                                                                                  (55) 

Below is the graphical behavior of Deng-Fan-Hulthen potential. 

 

                                     
 

 Fig. 1 Deng-Fan-Hulthen Potential graphical behavior 
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We present the graphical plots of the thermal conductivity with temperature variation and bond 

length in Figs.  2, 3 and 4.                                                                                               

 

                                    
                                 Fig. 2: Plot of thermal conductivity versus temperature 

 

                                       
                        Fig. 3 Plot of thermal conductivity versus tube length 

 

                              
Fig 4: Plot of thermal conductivity versus tube diameter 

                          

 

 

4.0 Results and Discussion 

Fig. 2 depicts the variation of thermal 

conductivity with temperature. 
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It is observed that thermal conductivity 

increases with increasing temperature.  

However, beyond a critical temperature, the 

thermal conductivity reaches a maximum and 

subsequently decreases. This behavior can be 

attributed to phonon transport mechanism.  At 

lower temperatures, ballistic phonon transport 

dominates, leading to an increase in thermal 

conductivity.  As temperature increases 

further, enhanced phonon–phonon scattering 

reduces heat transport efficiency, resulting in 

decreased thermal conductivity (Zahra et al., 

2024).  Fig.  3 shows the variation of thermal 

conductivity with nanotube length. Thermal 

conductivity increases significantly with 

increasing nanotube length. 

This trend is attributed to enhanced ballistic 

transport arising from an increase in phonon 

mean free path with nanotube length. 

 Fig.  4 illustrates that thermal conductivity is 

inversely proportional to nanotube diameter. 

As the tube diameter increases, the thermal 

conductivity tends to decrease. With less 

thermal transport, the thermal conductivity 

decreases as the diameter increases (Vikas et 

al, 2018).  
 

5.0 Conclusion  
 

The thermal conductivity behavior of a zig-

zag single-walled (7,0) carbon nanotube was 

analytically investigated using the Nikiforov–

Uvarov (NU) method through the solution of 

the Schrödinger wave equation. The derived 

energy eigenvalues enabled the calculation of 

the partition function, which was subsequently 

employed to evaluate thermal conductivity as 

a thermodynamic property dependent on 

temperature, nanotube length, and diameter. 

The results show that thermal conductivity 

increases with temperature at lower regimes 

due to dominant ballistic phonon transport, 

reaching a maximum value before decreasing 

at higher temperatures as a result of enhanced 

phonon–phonon scattering. Furthermore, 

thermal conductivity was found to increase 

with nanotube length, attributed to an 

extended phonon mean free path that 

promotes efficient heat transport. In contrast, 

an increase in nanotube diameter led to a 

reduction in thermal conductivity, which is 

associated with increased phonon scattering 

and redistribution of vibrational modes. 

These findings highlight the strong 

dependence of thermal transport properties on 

structural parameters of carbon nanotubes and 

reinforce their potential application in 

nanoscale thermal management systems. The 

high thermal conductivity exhibited by the 

(7,0) single-walled carbon nanotube suggests 

its suitability for integration into CNT-based 

heat dissipation and thermal interface 

materials for advanced electronic and 

nanoelectronic devices.  
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